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We study the Cauchy problem for a generalized Kuramoto]Sivashinsky system
in multidimension. The zero equilibrium is linearly stable for coefficients within a
certain range. We further establish the global existence, nonlinear stability, and
optimal decay rate of the solution for coefficients within the same range, though
with suitable restriction to the initial data. Q 2000 Academic Press
1. INTRODUCTION AND MAIN RESULTS
The Kuramoto]Sivashinsky equation
U q UU q aU q gU s 0, 1.1Ž .t x x x x x x x
with a and g positive constants, describes angular phase turbulence for a
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w xsystem of reaction-diffusion equations 11, 12 , small thermal diffusive
w xinstabilities for laminar flame fronts 16 , film layer flow on an inclined
w xplane 1, 17 , etc. Linear analysis shows that the negative diffusion term
aU is associated with instability, whereas the fourth-order diffusion termx x
stabilizes the system. From a more general point of view, in many physical
systems complexities may arise from nonlinear interaction between certain
w xinstability and a high-order dissipation mechanism. See 7 and references
therein. The Kuramoto]Sivashinsky equation is one of a few nonlinear
w xsystems that have been extensively explored; see, e.g., 4, 10, 14, 19 .
For better understanding of the nonlinear interaction between negative
diffusion and higher-order dissipation, efforts have been made on systems
of Kuramoto]Sivashinsky type in more general form and multidimension
w x w x5, 20 . In particular, Zhang 20 has investigated
n
2U q aDU q b › DU q gD U q dUÝt x j
js1
n
q › grad C U s grad V U , 1.2Ž . Ž . Ž .Ý x j
js1
where a , g , and d are positive constants, C and V are known scalar
Ž . nfunctions, U x, t is an n-dimensional vector valued function, and x g R ,
with 1 F n F 3. Essentially, the author assumed the linear stability condi-
tion
a 2 - 4nd , 1.3Ž .
the no-source condition
U, grad V U F 0, 1.4Ž . Ž .Ž .
and the growth condition
< < < < P < < < < Py1grad C U F C U , › › C U F C U ,Ž . Ž .U Ui j
< < < < P < <grad V U F C U for U large,Ž .
1.5Ž .
< < < < 2 < <› › C U F C U h U ,Ž . Ž .U U 1i j
< < < < 3 < < < <grad V U F C U h U for U small,Ž . Ž .2
where h and h are some positive increasing functions, and 1 F P F 6rn1 2
q 1. Then for the corresponding Cauchy problem with initial data in
2 1Ž N n.H l L R , R , the unique global solution exists and decays exponen-
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tially as
< < 2 < < 2 yŽ2 dya
2 r m . tU dx F U dx e ,H H 0
n nR R
1.6Ž .
2 ynr4yŽdya r2 m . t
‘ n n5 5 < <U ?, t F C U dx e 1 q t ,Ž . Ž .L ŽR , R . H 0
nR
with a 2r2 d - m - 2g .
In this paper, we are concerned with a Kuramoto]Sivashinsky system in
more general form. Like previous model equations, this system also takes
the basic mechanism of nonlinear interaction between negative diffusion
N q Ž .and high-order dissipation. More precisely, for x g R , t g R , u x, t s
Ž Ž . Ž ..u t, x , . . . , u t, x , we study the system1 n
N N




u 0, x s u x . 1.8Ž . Ž . Ž .0
Ž . Ž . Ž .Here f u j s 0, 1, . . . , N , g u are smooth functions of u, and b g R,j
a, c, d g Rq, with
a2 - 4cd. 1.9Ž .
Ž .Note that, different from 1.2 , here we do not require n and N to be
equal.
Without loss of generality, we assume that
f 0 s g 0 s 0, j s 0, 1, . . . , N , 1.10Ž . Ž . Ž .j
=f 0 s g 9 0 s 0, j s 0, 1, . . . , N. 1.11Ž . Ž . Ž .j
Ž . Ž .In fact, 1.10 ensures that the zero equilibrium is a solution to 1.7 .
We shall establish the global existence and optimal decay rate estimate
w xof the solution under conditions weaker than those in 20 . Our main
results are:
Ž . Ž . Ž . ‘THEOREM 1. Under the assumptions 1.9 ] 1.11 , for u x g L l0
1Ž N n. 5 Ž .5 2 N nL R , R with u x suitably small, the Cauchy problemL ŽR , R .0
Ž . Ž . Ž .1.7 ] 1.8 admits a unique global solution u t, x . Moreo¤er, for any index
Ž .a s a , . . . , a , we ha¤e the optimal decay rate1 N
Ž . 2y 1r4a yŽdya r4 c. t
p N n5 5› u t , x F C a , t , l 1 q t e , t G t ) 0,Ž . Ž . Ž .L ŽR , R .
2 F p F ‘. 1.12Ž .
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w xRemark 1. In 20 , the author treated a special form of the general
Ž . Ž .system 1.7 , namely, 1.2 . A crucial fact is that the system there possesses
1 2Ž . < <a strictly convex entropy h U s U , due to the growth conditions2
< <imposed on the corresponding nonlinear functions for both U small and
< < Ž .U large, as well as the no-source condition 1.4 . As a contrast, we deal
with the general system with growth conditions only on small u for the
Ž . Ž . Ž .nonlinear functions f u j s 0, 1, . . . , N and g u . These conditions arej
Ž . Ž < < 2 . Ž . Ž . Ž < < 2 . < <equivalent to f u s O u j s 0, 1, . . . , N and g u s O u as uj
1 2Ž . < <“ 0. It is conceivable that h u s u is not a strictly convex entropy in2
w xgeneral, and thus the arguments developed in 20 do not apply here.
Ž .Remark 2. The decay estimates 1.12 are optimal, and there is no
restriction on the space dimension N and vector length n.
Ž . Ž .Remark 3. For N s 1, instead of =f 0 s 0 j s 1, 2, . . . , N , we mayj
Ž .assume that =f 0 is diagonalizable, and the same results still hold.j
2Ž N n. Ž .Remark 4. Although the L R , R -norm of the solution u t, x in
‘Ž N n.Theorem 1 is small, its L R , R -norm can be arbitrarily large. More-
w xover, under the growth conditions as in 20 , we have the following stronger
results for general initial data.
62 Ž .THEOREM 2. Assume that a - 4cd, 1 F N F 3, 1 F P F 1 q , f u0N
s 0, and
f u s grad C u , j s 1, . . . , N , g u s grad V u , 1.13Ž . Ž . Ž . Ž . Ž . Ž .j j
Ž . 3Ž n. Ž . 2Ž n. Ž Ž ..with C u g C R , V u g C R , and u, grad V u F 0. If as u “ 0,j
< < < < P < < < < Py1grad C u F C u , › › C u F C u ,Ž . Ž .j u u jk l
< < < < P < <grad V u F C u for u large,Ž .
< < < < 2 < < < < 2 < <grad C u s O u , grad V u s O u for u small,Ž . Ž .Ž . Ž .j
1.14Ž .
Ž . Ž . Ž . ‘then the Cauchy problem 1.7 ] 1.8 with initial data u x g L l0
1Ž N n. Ž .L R , R admits a unique global solution u t, x with the optimal decay
Ž .estimate 1.12 .
Remark 5. Here the growth conditions imposed on the nonlinear
Ž . Ž . Ž . < <functions C u j s 1, 2, . . . , N and V u for small u are weaker thanj
w xthose in 20 . Again the decay estimates are optimal.
Ž .Remark 6. For the case f u / 0, similar results may be obtained0
Ž .under some reasonable assumptions on f u .0
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The rest of the paper is planned as follows. In Section 2, we shall
perform linear analysis, and obtain the optimal decay rate for the lin-
earized system. We then prove the first theorem through a series of a
priori estimates in Section 3. In Section 4, we shall conclude by applying
the argument on a general damped parabolic system.
2. LINEAR ANALYSIS
In this section, we shall study the linearized system
N
2u q aDu q b › Du q cD u q du s 0, 2.1Ž .Ýt x j
js1
with initial data
u 0, x s u x . 2.2Ž . Ž . Ž .0
By Fourier analysis, the solution is readily found as
u t , x s K t , x )u x s K t , x y y u y dy , 2.3Ž . Ž . Ž . Ž . Ž . Ž .H0 0
NR
where the integral kernel function is
N
4 2 2y1 < < < < < <K t , x s F exp y d q c j y a j y ib j j t ,Ž . Ý jž /ž /ž /js1
'i s y 1 . 2.4Ž .
Ž . Ž .The optimal decay rate of u t, x is determined by that of K t, x .
Ž .LEMMA 3. For any gi¤en index a s a , . . . , a and positi¤e number1 N
Ž . Ž .t ) 0, there exist positi¤e constants C t and C t , independent of t and x,1 2
such that
a2
y1r4C t t exp y d y tŽ .1 ž /ž /4c
5 a 5 2 NF › K t , xŽ . L ŽR , R.
a2
y1r4F C t t exp y d y t , t G t ) 0. 2.5Ž . Ž .2 ž /ž /4c
Proof. By virtue of Parseval’s identity, we know that
5 a 5 2 2 N < < 2 < a < < < 4 < < 2› K t , x s j exp y2 d q c j y a j t dj .Ž . Ž .Ž .L ŽR , R. H
NR
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< < 2In new variable z s 2c j ra y 1, this amounts to
5 a 5 2 2 N› K t , xŽ . L ŽR , R.
2 q‘ 2a a< <Nr2q a y1 2s C exp y2 d y t 1 q z exp y z t dz.Ž .Hž / ž /ž /4c 2cy1
Ž . Ž .To prove the lemma, it then suffices to find C t and C t , independent3 4
of t and x, such that for t G t ) 0,
q‘ 2a< <Nr2q a y1y1r2 2 y1r2C t t F 1 q z exp y z t dz F C t t .Ž . Ž . Ž .H3 4ž /2cy1
2.6Ž .
< <In fact, for N s 1, a s 0,
q‘ 2ay1r2 21 q z exp y z t dzŽ .H ž /2cy1
a20 2G exp y z t dzH ž /2cy1
2a'ty1r2 2s t exp y y dyH ž /2c0
2at'y1r2 2G t exp y y dy ,H ž /2c0
and
q‘ 2ay1r2 21 q z exp y z t dzŽ .H ž /2cy1
a2y1r2 y1r2 2s 1 q z exp y z t dzŽ .H ž /2cy1
q‘ 2ay1r2 2q 1 q z exp y z t dzŽ .H ž /2cy1r2
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a2y1r2 y1r2F 1 q z dz exp y tŽ .H ž /8cy1
q‘ 2a
2'q 2 exp y z t dzH ž /2cy1r2
2 2a a
y1r2 2' 'F 2 exp y t q 2 t exp y y dyHž / ž /8c 2cR
F C t ty1r2 .Ž .2
< <For other N and a , it holds that N q 2 a y 2 G 0, and consequently,
q‘ 2a< <Nr2q a y1 21 q z exp y z t dzŽ .H ž /2cy1
q‘ 2a
2G exp y z t dzH ž /2c0
q‘ 2a
y1r2 2s t exp y y dy ,H ž /2c0
and
q‘ 2a< <Nr2q a y1 21 q z exp y z t dzŽ .H ž /2cy1
a20 2F exp y z t dzH ž /2cy1
q‘ 2a
Nr2q < a <y1 Nr2q < a <y1 2q 2 1 q z exp y z t dzŽ .H ž /2c0
a2
y1r2 2F t exp y y dyH ž /2cR
a2Nr2q < a <y1wŽNq2 < a <.r4x Nr2q < a <y1 2< <q t 2 y exp y y dyH ž /2cR
F C t ty1r2 .Ž .2
Ž .The following lemma is devised for estimating convolutions with K t, x
and its derivatives.
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LEMMA 4. It holds that for any 0 - t - 1,
5 a 5 2 N n› K t , x ) f u t , xŽ . Ž .Ž .Ž . L ŽR , R .
a2y1r4F C a , t 1 q t exp y d y tŽ . Ž . ž /ž /4c
5 5 1 N n 5 a 5 2 N n= f u t , x q › f u t , x . 2.7Ž . Ž . Ž .Ž . Ž .Ž .L ŽR , R . L ŽR , R .
Ž .Proof. By the Hausdorff]Young inequality and 2.5 , it follows that for
t G t ,
5 a 5 2 N n› K t , x ) f u t , xŽ . Ž .Ž .Ž . L ŽR , R .
5 a 5 2 N ns › K t , x ) f u t , xŽ . Ž .Ž . Ž . L ŽR , R .
5 a 5 2 N 5 5 1 N nF C › K t , x f u t , xŽ . Ž .Ž .L ŽR , R. L ŽR , R .
a2
y1r4 1 N n5 5F Ct exp y d y t f u t , x .Ž .Ž . L ŽR , R .ž /ž /4c
On the other hand, for 0 F t - t , we have
5 a 5 2 N n› K t , x ) f u t , xŽ . Ž .Ž .Ž . L ŽR , R .
5 a 5 2 N ns K t , x ) › f u t , xŽ . Ž .Ž .Ž . L ŽR , R .
a22 < a << <s j exp y2 d y tH ž /N ž /4cž R
1r222 $a2 2< < < <=exp y2c j y t f u djŽ .ž /ž /2c /
2 1r2$a 2 < a < 2< < < <F exp y d y t j f u djŽ .Hž /ž / Nž /4c R
a2
a 2 N n5 5s exp y d y t › f u t , x .Ž .Ž . L ŽR , R .ž /ž /4c
Ž . Ž .We now state the main result on 2.1 ] 2.2 .
Ž . 1 2Ž N n.THEOREM 5. For u x g L l L R , R , the Cauchy problem0
Ž . Ž . Ž .2.1 ] 1.8 admits a unique global smooth solution u t, x , and the optimal
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decay rate is
a2y1r4a 2 N n5 5› u t , x F C a , t 1 q t exp y d y tŽ . Ž . Ž .L ŽR , R . ž /ž /4c
for t G t ) 0,
Ž .with t g 0, 1 any gi¤en constant.
Proof. The existence, uniqueness, and regularity follow directly from
Ž .the convolution formulation 2.3 . For the decay estimate, we claim
5 a 5 1 2 N n› u t , x F C a , t .Ž . Ž .L l L ŽR , R .
As a matter of fact, we know that
› au t , x s › aK t , x )u x ,Ž . Ž . Ž .Ž . 0
Ž .and K t , x is a rapidly decreasing function with
5 a 5 1 2 N› K t , x F C a , t .Ž . Ž .L l L ŽR , R.
Thus, we obtain
5 a 5 1 N n› u t , xŽ . L ŽR , R .
5 a 5 1 N 5 5 1 N nF C › K t , x u x F C a , t ,Ž . Ž . Ž .L ŽR , R. L ŽR , R .0
as well as
5 a 5 2 N n› u t , xŽ . L ŽR , R .
5 a 5 2 N 5 5 2 N nF C › K t , x u x F C a , t .Ž . Ž . Ž .L ŽR , R. L ŽR , R .0
With the help of Lemma 4, we may derive the optimal estimate as
5 a 5 2 N n› u t , xŽ . L ŽR , R .
5 a 5 2 N ns › K t y t , x )u t , xŽ . Ž .Ž . L ŽR , R .
a2y1r4F C 1 q t y t exp y d y tŽ . ž /ž /4c
5 5 1 N n 5 a 5 2 N n= u t , x q › u t , xŽ . Ž .Ž .L ŽR , R . L ŽR , R .
a2y1r4F C t , a 1 q t exp y d y t .Ž . Ž . ž /ž /4c
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3. PROOF OF THE MAIN RESULTS
Ž . Ž .The solution to the nonlinear problem 1.7 ] 1.8 can also be repre-
sented as
t








q › K t y s, x ) f u s, x dsŽ . Ž .Ž .Ý H x jj
0js1
t
y D K t y s, x ) f u s, x dsŽ . Ž .Ž .H 0
0
t
q K t y s, x ) g u s, x ds, 3.1Ž . Ž . Ž .Ž .H
0
with
4y1 < <K t , x s F exp y c j q d t .Ž . Ž .Ž .ž /
Ž . Ž .Like for K t, x , we have the following estimates for K t, x .
LEMMA 6. For 1 F p F ‘, it holds that
a yŽNr4.Ž1y1r p.y < a < r4 ydt
p N5 5› K t , x F C a t e , t ) 0. 3.2Ž . Ž . Ž .L ŽR , R.
Then the local existence follows from the Banach contraction principle.
5 Ž .5 ‘ N nLEMMA 7. For any gi¤en l ) 0, if u x F l, then the CauchyL ŽR , R .0
Ž . Ž . Ž . w xproblem 1.7 ] 1.8 admits a unique smooth solution u t, x on P s 0, tt 11
= RN, with
5 5 ‘ nu t , x F l , 3.3Ž . Ž .L ŽP , R .t1
5 Ž .5 ‘ N nwhere t depends only on u x .L ŽR , R .1 0
The local solution may be extended and we may make the following
westimate. The proof is omitted. Interested readers are referred to 9,
xLemma 2.2 .
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Ž . 2 ‘Ž N n.LEMMA 8. Suppose u x g L l L R , R , and the local solution is0
5 Ž .5 ‘ nextended smoothly up to t s T ) t , with u t, x F l. Then for anyL ŽP , R .1 T
Ž . < <a s a , . . . , a with a s k g N, and 0 - s - s - s - s - ??? -1 N 0 1 1 2
s - s - t F T , we ha¤eky1 k
5 a 5 ‘ N n› u t , x F M l , s y s ; t y s , 3.4Ž . Ž . Ž .L ŽR , R . k k 1 k
5 a 5 2 N n 5 5 2 N n› u t , x F sup u t , x 4Ž . Ž .L ŽR , R . L ŽR , R .
w xtg 0, T
= M l , s y s ; t y s , 3.5Ž .Ž .k k 0 ky1
5 5 2 N nu t , x F C T - q‘, 3.6Ž . Ž . Ž .L ŽR , R .
and consequently, for any a and any t ) 0,
a w xlim › u t , x s 0 uniformly in t g t , T , 3.7Ž . Ž .
< <x “q‘
5 a 5 2 N n› u t , x F C a , t . 3.8Ž . Ž . Ž .L ŽR , R .
To get further estimates, we need the Nirenberg inequality as follows.
qŽ N n. m r2 rŽ N n.LEMMA 9. If u g L R , R , D u g L R , R with 1 F r, q F q‘,
then, for any integer j between 0 and m, we ha¤e
5 jr2 5 p N n 5 m r2 5 l r N n 5 51ylq N nD u F C D u u , 3.9Ž .L ŽR , R . L ŽR , R . L ŽR , R .
where p is determined by
1 j 1 m 1 j
s q l y q 1 y l for l g , 1 . 3.10Ž . Ž .ž /p N r N q m
Ž . Ž .LEMMA 10. Under the assumptions 1.9 ] 1.11 , there exist positi¤e con-
Ž . Ž .stants C , C , C l , and k ) 2, such that for the solution u t, x on P as5 6 7 T
in Lemma 8, it holds that
d 2 2 2< < < < < <u dx q C Du dx q C u dxH H H5 6
N N Ndt R R R
kr2
2< <F C l u dx . 3.11Ž . Ž .H7 ž /NR
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2 Ž .Proof. In view of a - 4cd, we may find « ) 0 small enough, h g 0, 1 ,
and d ) 0, for which
C s 2c y a q « d y 3« ) 0,Ž .5
a q «
C s 2 d y ) 0,6 d
0 - Nh - 4,
2 8 q 4NhŽ .
k s ) 2.
8 y Nh
Ž . T NMultiplying 1.7 with 2u , and integrating x over R , we obtain
d 2 2 2< < < < < <u dx q 2c Du dx q 2 d u dxH H H
N N Ndt R R R
N
2 T< <s 2 a =u dx q 2 › u f u dxŽ .ÝH H x jjN NR Rjs1
y 2 DuT f u dx q 2 uTg u dxŽ . Ž .H H0
N NR R
a q « 2 2< < < <F u dx q a q 2« d q 2« Du dxŽ .Ž .H H
N Nd R R
N
2 T< < < <q C « f u q u g u dxŽ . Ž . Ž .ÝH j
NR js0
a q « 2 2< < < <F u dx q a q 2« d q 2« Du dxŽ .Ž .H H
N Nd R R
< < 2qhq C « , l u dx.Ž .H
NR
This means
d 2 2 2< < < < < <u dx q C q « Du dx q C u dxŽ .H H H5 6
N N Ndt R R R
< < 2qhF C « , l u dx.Ž .H
NR
With the Nirenberg inequality
5 5 2q h N 5 5 NhrŽ4Ž2qh .. 5 51yNhrŽ4Ž2qh ..u F C h Du u ,Ž . 2 N 2 NL ŽR . L ŽR . L ŽR .
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the proof is completed as
< < 2qh 5 5 Nh 5 5 2qhyNhr4u dx F C h Du uŽ . 2 N 2 NH L ŽR . L ŽR .NR
5 5 2 2 N 5 5 k 2 NF « Du q C h , « u .Ž .L ŽR . L ŽR .
As a consequence, by standard argument we have the following further
w xestimates. For proof, see, e.g., 18, proof of Lemma 4 .
5 Ž .5 2 N nCOROLLARY 11. If we further assume that u x is suitablyL ŽR , R .0
w xsmall, then the solution in Lemma 10 satisfies, for t g 0, T ,
< < 2 yC6 t 5 5 2 N nu dx F C l e u x , 3.12Ž . Ž . Ž .H L ŽR , R .8 0
NR
t2 2 2< < < < < <u dx q Du q u dx dt F C l . 3.13Ž . Ž .Ž .H HH 7
N NR 0 R
Now we are ready to establish the existence of the solution.
Ž . Ž . Ž . ‘THEOREM 12. Under the assumptions 1.9 ] 1.11 , then for u x g L0
2Ž N n. 5 Ž .5 ‘ N n 5 Ž .5 2 N nl L R , R , u x - l, and u x suitably small, theL ŽR , R . L ŽR , R .0 0
Ž . Ž . Ž .Cauchy problem 1.7 ] 1.8 admits a unique global solution u t, x , with
< < 2 yC6 t 5 5 2 N nu dx F C l e u x for t ) 0, 3.14Ž . Ž . Ž .H L ŽR , R .8 0
NR
5 5 ‘ N nu t , x F l for t G 0. 3.15Ž . Ž .L ŽR , R .
w xProof. We employ essentially the same approach as in 6 , and only
provide an outline here.
First, as shown in Lemma 7, there exists t ) 0 such that the Cauchy1
Ž . Ž . Ž .problem 1.7 ] 1.8 admits a unique smooth solution u t, x , with
5 5 ‘ N n w xu t , x F l for t g 0, t .Ž . L ŽR , R . 1
XSecond, we apply Lemma 8 on P to find a series of numbers 0 - s -t 01X X X X Xs - s - s - ??? - s - s - t F t , such that1 1 2 w Nr2x w Nr2xq1 1
5 5 w N r2xq1 N n 5 5 2 N nu t , x F sup u t , x 4Ž . Ž .H ŽR , R . L ŽR , R .1
w xtg 0, t1
X X X= C l , s y s ; t y s . 3.16Ž .Ž .10 w Nr2xq1 0 1 w Nr2x
5 Ž .5 2 N nThird, as u x is suitably small, Corollary 11 asserts thatL ŽR , R .0
< < 2 yC6 t 5 5 2 N n w xu dx F C l e u x for t g 0, t . 3.17Ž . Ž . Ž .H L ŽR , R .8 0 1
NR
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Together with the Sobolev inequality
5 5 ‘ N n 5 5 w N r2xq1 N nu t , x F C u t , x , 3.18Ž . Ž . Ž .L ŽR , R . H ŽR , R .1 11 1
we have
5 5 ‘ N nu t , x - l , 3.19Ž . Ž .L ŽR , R .1
5 Ž .5 2 N nby confining u x withL ŽR , R .0
X X X
2 N n5 5C l C l , s y s ; t y s C u x - l. 3.20Ž . Ž . Ž .Ž . L ŽR , R .8 10 w Nr2xq1 0 1 w Nr2x 11 0
Ž .Now we take u t , x as initial data, and the local results assure the1
extension of the solution to 2 t . Moreover,1
5 5 ‘ N n w xu t , x F l for t g 0, 2 t . 3.21Ž . Ž .L ŽR , R . 1
X XThen by the previous lemmas, we may take s s s q t , s s s qk k 1 ky1 ky1
w xt , for k s 1, . . . , Nr2 q 1, and it holds that1
5 5 w N r2xq1 N n 5 5 2 N nu 2 t , x F sup u t , x 4Ž . Ž .H ŽR , R . L ŽR , R .1
w xtg 0, 2 t1
X X X= C l , s y s ; t y s ,Ž .10 w Nr2xq1 0 1 w Nr2x
5 5 2 N n yC 6 t 5 5 2 N n w xu t , x F C l e u x for t g 0, 2 t .Ž . Ž . Ž .L ŽR , R . L ŽR , R .8 0 1
The Sobolev inequality again makes
5 5 ‘ N nu 2 t , x - l.Ž . L ŽR , R .1
The existence can be obtained by inductively using this extension proce-
dure.
Ž .LEMMA 13. For the global smooth solution u t, x in Theorem 12, it holds
that for any k g N, t G t ) 0,
t2 2 2k r2 Žkq2.r2 k r2< < < < < <D u t , x dx q D u t , x q D u t , x dx dtŽ . Ž . Ž .Ž .H HH
N NR t R
F C t , l ; k . 3.22Ž . Ž .
Proof. First, we note that for any k g N, and any smooth function
Ž . n m 5 Ž .5 ‘ N n w xF u : R “ R , if u t, x F l, then as shown in 13 ,L ŽR , R .
5 sr2 5 2 N m 5 sr2 5 2 N mD F u F C l D u .Ž . Ž .L ŽR , R . L ŽR , R .
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Now we may prove the lemma by mathematical induction. First, from
Ž . Ž .Corollary 11, 3.22 is true for k s 0. Now, suppose that 3.22 is true for
m r2 Ž . Ž m r2 .Tk s m y 1. We apply D to 1.7 , then multiply with 2 D u , and
Ž . w x Nintegrate over t, x g t , t = R . This gives
t2 2m r2 Žmq2.r2< < < <D u t , x dx q 2c D u t , xŽ . Ž .ŽH HH
N NR t R
< m r2 < 2q2 d D u t , x dx dtŽ . .
t T2m r2 m r2 Žmq2.r2< <s D u t , x dx y 2 a D u D u dx dtŽ . Ž .H HH
N NR t R
t TŽmq2.r2 Žmy2.r2q 2 D u D g u dx dtŽ . Ž .HH
Nt R
t TŽmq2.r2 m r2y 2 D u D f u dx dtŽ . Ž .HH 0
Nt R
N
t TŽmq2.r2 Žmy2.r2y 2 D u D › f u dx dt.Ž . Ž .Ý HH Ž .x jjNt Rjs1
Ž .By an argument similar to that for Lemma 10 and with the help of 3.8 ,
it turns out that
< m r2 < 2D u t , x dxŽ .H
NR
t 2 2Žmq2.r2 m r2< < < <q C D u t , x q C D u t , x dx dtŽ . Ž .Ž .HH 5 6
Nt R
t2 2 2m r2 Žmy2.r2 m r2< < < < < <F D u t , x dx q C D g u q D f uŽ . Ž . Ž .H HH 0
N N žR t R
N
2Žmy2.r2< <q D › f u dx dtŽ .Ý Ž .x jj /js1
< m r2 < 2F D u t , x dxŽ .H
NR
t 2 2 2Žmy2.r2 Žmy1.r2 m r2< < < < < <q C l D u q D u q D u dx dtŽ . Ž .HH
Nt R
F C t , l ; m .Ž .
This ends the proof.
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Ž .Lemma 13 and 3.14 imply that for any k g N, t G t ) 0, C - C ,12 6
5 k r2 5 2 N n yŽC12 r2. tD u t , x F C t , l ; k e , 3.23Ž . Ž . Ž .L ŽR , R .
5 Žky1.r2 5 ‘ N n yŽC12 r2. tD u t , x F C t , l ; k e . 3.24Ž . Ž . Ž .L ŽR , R .
Ž .Meanwhile, from the integral formulation 3.1 and Lemma 6, we see
Ž .that for each t g 0, 1 ,
5 5 1 N nu t , x F C t , l . 3.25Ž . Ž . Ž .L ŽR , R .
Now we are ready to establish the optimal decay rate in the theorem
below.
Ž .THEOREM 14. The global smooth solution u t, x as in Theorem 12 has
the optimal decay rate as follows. For any k g N, t G t ) 0,
a2y1r4k r2 2 N n5 5D u t , x F C t , l ; k 1 q t exp y d y t .Ž . Ž . Ž .L ŽR , R . ž /ž /4c
3.26Ž .
Ž . Ž .Proof. Besides 3.1 , u t, x can also be expressed as
N
t
u t , x s K t , x )u x q › K t y s, x ) f u s, x dsŽ . Ž . Ž . Ž . Ž .Ž .Ý H0 x jj
0js1
t
y D K t y s, x ) f u s, x dsŽ . Ž .Ž .H 0
0
t
q K t y s, x ) g u s, x dsŽ . Ž .Ž .H
0
s K t y t , x )u t , xŽ . Ž .
N
t
q › K t y s, x ) f u s, x dsŽ . Ž .Ž .Ý H x jj
tjs1
t
y D K t y s, x ) f u s, x dsŽ . Ž .Ž .H 0
t
t
q K t y s, x ) g u s, x ds,Ž . Ž .Ž .H
t
Ž . Ž .where K t, x is given by 2.4 .
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According to Lemma 4, it holds that
5 m r2 5 2 N nD u t , xŽ . L ŽR , R .
a2y1r4F C 1 q t y t exp y d y t y tŽ . Ž .ž /ž /4c
5 5 1 N n 5 m r2 5 2 N n= u t , x q D u t , xŽ . Ž .Ž .L ŽR , R . L ŽR , R .
N 2at y1r4q C 1 q t y s exp y d y t y sŽ . Ž .Ý H ž /ž /4ctjs0
5 5 1 N n 5 m r2 5 2 N n= f u q D f u dsŽ . Ž .Ž .L ŽR , R . L ŽR , R .j j
a2t y1r4q C 1 q t y s exp y d y t y sŽ . Ž .H ž /ž /4ct
5 5 1 N n 5 m r2 5 2 N n= g u q D g u ds.Ž . Ž .Ž .L ŽR , R . L ŽR , R .
Ž . Ž . Ž < < 2 . < <As f u , g u s O u for u “ 0, we have, for s G t ) 0,j
N
1 N n 1 N n5 5 5 5f u s, x q g u s, xŽ . Ž .Ž . Ž .Ý L ŽR , R . L ŽR , R .j
js0
5 5 2 2 N nF C l u s, xŽ . Ž . L ŽR , R .
C s12
2 N n5 5F C l exp y u s, x ,Ž . Ž . L ŽR , R .ž /2
and
N
2 N n 2 N n5 5 5 5f u s, x q g u s, xŽ . Ž .Ž . Ž .Ý L ŽR , R . L ŽR , R .j
js0
NC s11 jr2 2 N n5 5F C l exp y D u s, x .Ž . Ž .Ý L ŽR , R .ž /2 js0
These lead to
5 m r2 5 2 N nD u t , xŽ . L ŽR , R .
a2y1r4F C t , l 1 q t y t exp y d y t y tŽ . Ž . Ž .ž /ž /4c




= exp y d y t y s exp yŽ . ž /ž /ž /4c 2
N
jr2 2 N n5 5= D u s, x ds.Ž .Ý L ŽR , R .
js0
Ž . k 5 m r2Summing over m s 0, . . . , k, and denoting z t s Ý Dms0
Ž .5 2 N nu t, x , we obtainL ŽR , R .
a2y1r4z t F C t , l 1 q t exp y d y tŽ . Ž . Ž . ž /ž /4c
a2t y1r4q C t , l 1 q t y s exp y d y t y s z s ds.Ž . Ž . Ž . Ž .H ž /ž /4ct
Application of Gronwall’s inequality yields
a2y1r4z t F C t , l 1 q t exp y d y t .Ž . Ž . Ž . ž /ž /4c
Theorem 1 follows then after Theorem 12 and Theorem 14.
As for Theorem 2, under the assumptions there, it is not difficult to get
estimates as in Corollary 11. Moreover, with growth conditions in the
Ž . Ž . Ž . w xinfinity for C u j s 1, 2, . . . , N and V u , the approach in 20 worksj
and we have
5 5 ‘ N nu t , x F C - q‘ for t G 0.Ž . L ŽR , R .
The remaining part of the proof for Theorem 2 then is the same as
Theorem 1.
4. CONCLUDING REMARKS
In this paper, through a series of estimates, we have established global
existence and optimal decay rate for a generalized Kuramoto]Sivashinsky
system in multidimension.
We may apply the same argument on dissipative conservation laws
N
N q nu q › f u s ya u q «Du , u t , x : R = R “ R , 4.1Ž . Ž . Ž .Ýt x jj
js1
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with initial data
u 0, x s u x , 4.2Ž . Ž . Ž .0
where a ) 0, « ) 0.
THEOREM 15. Suppose the following assumptions hold.
Ž . Ž . Ž .a There is a strictly con¤ex entropy h u for 4.1 with C ) 0,13
C ) 0, such that14
1 2 2< < < <u F h u F C u , 4.3Ž . Ž .13C13
=2h u G C E, 4.4Ž . Ž .14
where E is the n = n identity matrix.
Ž .b There is a time-independent uniform estimate for the Cauchy prob-
Ž . Ž .lem 4.1 ] 4.2
5 5 ‘ N nu t , x F C . 4.5Ž . Ž .L ŽR , R . 14
Ž . < < Ž . Ž < < 2 . Ž .c As u “ 0, f u s O u j s 1, 2, . . . , N .j
Ž . ‘ 1Ž N n. 5 Ž .5 ‘ N nThen for initial data u x g L l L R , R , and u x - l, theL ŽR , R .0 0
Ž . Ž . Ž .Cauchy problem 4.1 ] 4.2 admits a unique global smooth solution u t, x
with the optimal decay estimate
w Ž . xy N py1 r2 p ykr2k r2 ya t
p N n5 5D u t , x F C t 1 q t e , t G t ) 0,Ž . Ž . Ž .L ŽR , R .
1 F p F ‘. 4.6Ž .
Proof. We only sketch the proof.
First, analogous to the previous section, we may make use of assump-
Ž . Ž .tions a and b to obtain that, for any k g N, t G t G 0,
t2 2 2k r2 Žkq1.r2 k r2< < < < < <D u t , x dx q D u t , x q D u t , x dx dtŽ . Ž . Ž .Ž .H HH
N NR t R
F C t , l ; k , 4.7Ž . Ž .
5 k r2 5 1 N nD u t , x F C t , k . 4.8Ž . Ž . Ž .L ŽR , R .
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Ž . Ž .T NMoreover, we multiply 4.1 with =h u , and integrate over R , then
d 2< <h u dx q C =u t , x dxŽ . Ž .H H14
N Ndt R R
F ya u=h dxH
NR
C14F ya h u dx.Ž .H
NC R13
This means
h u dx F CeyŽC14 r C13 .a t . 4.9Ž . Ž .H
NR
Then with the Nirenberg inequality, we have
5 k r2 5 2 N n 5 k r2 5 ‘ N nD u t , x q D u t , xŽ . Ž .L ŽR , R . L ŽR , R .
F C k , t eyC 15 t , 4.10Ž . Ž .
with C any number smaller than a C rC .15 14 13
Second, we shall make the optimal L2 decay estimate
Ž .y Nq2 k r4k r2 ya t2 N n5 5D u t , x F C k , t 1 q t e . 4.11Ž . Ž . Ž . Ž .L ŽR , R .
In fact, note that the solution may be expressed as
N
t˜ ˜u t , x s K t , x )u x q › K t y s, x ) f u s, x ds,Ž . Ž . Ž . Ž . Ž .Ž .Ý H0 x jj
0js1
4.12Ž .
˜ y1 yŽ« < j < 2qa . tŽ . Ž .with K t, x s F e . Like Lemma 4, we may prove under the
Ž .assumption c ,
5 5 2 N nu t , xŽ . L ŽR , R .
Ž .y Nr4 ya t 1 N n 2 N n5 5 5 5F C 1 q t e u x q u xŽ . Ž . Ž .Ž .L ŽR , R . L ŽR , R .0 0
N
t Ž .y Nq2 r4 ya Ž tys.q C 1 q t y s eŽ .Ý H
0js1
5 5 1 N n 5 5 2 N n= f u q › f u dsŽ . Ž .L ŽR , R . L ŽR , R .Ž .j x jj
t Ž .y Nq2 r4 yC s15 2 N n5 5F C 1 q t y s e u s, x dsŽ . Ž .H L ŽR , R .
0
Ž .y Nr4 ya tq C 1 q t e .Ž .
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By Gronwall’s inequality, it amounts to
Ž .y Nr4 ya t2 N n5 5u t , x F C 1 q t e . 4.13Ž . Ž . Ž .L ŽR , R .
Ž . Ž . Ž .This is 4.11 for k s 0. Furthermore, by virtue of 4.7 , 4.8 , and the
Ž .Nirenberg inequality, this leads to 4.10 as
5 k r2 5 2 N n 5 k r2 5 ‘ N nD u t , x q D u t , xŽ . Ž .L ŽR , R . L ŽR , R .
Ž .y Nr4 q« yŽay« . tF C k , t 1 q t e ,Ž . Ž .
with « ) 0 arbitrarily small.
On the other hand, it is easy to see that for any s G t ) 0,
5 k r2 5 1 N n 5 5 2 2 N n1 q D f u s, x F C u s, xŽ . Ž . Ž .Ž . L ŽR , R . L ŽR , R .j
Ž .y Nr2 q2 « y2Žay« . sF C t 1 q s e ,Ž . Ž .
and
Ž .y Nr2 q2 «Žkq1.r2 y2Žay« . s2 N n5 5D f u s, x F C t 1 q s e .Ž . Ž . Ž .Ž . L ŽR , R .j
Noting
N
t˜ ˜u t , x s K t y t , x )u t , x q › K t y s, x ) f u s, x ds,Ž . Ž . Ž . Ž . Ž .Ž .Ý H x jj
tjs1
we find
5 k r2 5 2 N nD u t , xŽ . L ŽR , R .
k r2 ˜ 2 N n5 5F D K t y t , x )u t , xŽ . Ž . L ŽR , R .
N
2 tr3 k r2 ˜ 2 N n5 5q D K t y s, x )› f u s, x dsŽ . Ž .Ž .Ž .Ý H L ŽR , R .x jj
tjs1
N
t k r2˜ 2 N n5 5q › K t y s, x )D f u s, x dsŽ . Ž .Ž .Ý H L ŽR , R .x jj
2 tr3js1
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wŽ . xy Nq2 k r4F C t , k 1 q tŽ . Ž .
ya t 5 5 1 N n 5 k r2 5 2 N n=e u t , x q D u t , xŽ . Ž .Ž .L ŽR , R . L ŽR , R .
N
2 tr3 wŽ . xy Nq2 kq2 r4 ya Ž tys.qC 1 q t y s eŽ .Ý H
tjs1
5 5 1 N n 5 Žkq1.r2 5 2 N n= f u q D f u dsŽ . Ž .Ž .L ŽR , R . L ŽR , R .j j
N
t wŽ . xy Nq2 r4 ya Ž tys.qC 1 q t y s eŽ .Ý H
2 tr3js1
5 k r2 5 1 N n 5 Žkq1.r2 5 2 N n= D f u q D f u dsŽ . Ž .Ž .L ŽR , R . L ŽR , R .j j
wŽ . xy Nq2 k r4 ya tF C t , k 1 q t eŽ . Ž .
2 tr3 wŽ . xy Nq2 k r4qC 1 q t y sŽ .H
t
Ž .y Nr2 q2 «ya Ž tys. y2Žay« . s= e 1 q s e dsŽ .
t wŽ . xy Nq2 r4qC 1 q t y sŽ .H
2 tr3
Ž .y Nr2 q2 «ya Ž tys. y2Žay« . s= e 1 q s e dsŽ .
wŽ . xy Nq2 k r4 ya tF C t , k 1 q t e ,Ž . Ž .
N N 4 Ž .where we take « small enough such that y 2« ) and a y « ) a .2 4 3
Finally, similar to the previous section, we may get the optimal L1 decay
estimate as
Ž .y kr2k r2 ya t1 N n5 5D u t , x F C t , k 1 q t e .Ž . Ž . Ž .L ŽR , R .
pL estimate is then finished by standard interpolation.
‘Ž N n.Remark 7. The time-independent L R , R a priori estimate, i.e.,
Ž .hypothesis b , can be verified by employing Chueh et al.’s theory of
w xpositively invariant regions 2 , or Schonbek’s method of energy estimates
w x15 .
Ž .Remark 8. When N s 1, hypothesis c is equivalent to the assumption
Ž .that u q f u s 0 is hyperbolic at u s 0.t x
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Ž .Remark 9. Under hypothesis c , if we assume further that
5 Ž .5 1 N nu x is sufficiently small, then the results of Theorem 15 remainL ŽR , R .0
Ž . Ž .true even without hypotheses a and b .
Ž .Remark 10. The temporal decay estimate 4.6 is optimal.
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